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2. Initials:

S5z
1.(5pts) If f(x) :/0 cos(u?)du, find f'(z)

Solution. We want to apply the Fundamental Theorem of Calculus, but cannot immedi-
ately. So we define

g(x) = /0z cos(u?)du

to get f(x) = g(5z). By the chain rule, f'(z) = 5¢'(z). Now we can apply the Fundamental
Theorem to g:
f'(z) = 5¢'(x) = 5 cos((5x)*) = 5 cos(2527).

(a) 5cos(25x?)  (b) —5cos(252?) (c) —25cos(5x?) (d) Hceos(5bx?)  (e) — cos(52?)

2.(5pts) Find all local maxima and minima of the function f(z) = 2|z| — 2% — 1.

Solution. Taking the derivative of 2z — 2% — 1 for x > 0 gives f’ = 2 — 22 which means a
critical point is at x = 1. Taking the derivative again and using the second derivative test
gives x = 1 is a local maxima.

Taking the derivative of —2z — 22 — 1 for < 0 gives f’ = —2 — 2z which means a critical
point is at x = —1. Taking the derivative again and using the second derivative test gives
x = —1 is a local maxima.

When x < 0 the function is increasing and when x > 0 the function increases for small
values away from 0 so it is easy to see that x = 0 is a local minima.

(a) Only local minimum at (x,y) = (0, —1), no local maxima.

b) Local maximum: (z,y) = (—1,0), local minimum (x,y) = (0, —1).

(

(¢) Local maxima: (x,y) = (—1,0) and (x,y) = (1,0), no local minimum.

(d) No local maxima or minima, because the function |z| has no derivative at x = 0.
(

e) Local maxima: (x,y) = (—1,0) and (x,y) = (1,0), local minimum (z,y) = (0, —1).



3. Initials:

3.(5pts) Find f'(z) for
f(x) =1n(2* 4+ x) + arcsin(e”)

Solution:
d(2* + x)/dx d(e*)/dx
oy = AL a)da | _d)ida
+ 1— (en)2
_2x1n2—|—1+ e
24y V1 — e
(a) ex1n2+1+ e
a
2+ e’ —1
27 4+1 1
b +
O et e
(©) 2$1n2—|—1+ e
c
Y1 Vioow
2% In 2 e

e 1tem

erln?2 er

e +
(¢) 27+ /1 — 2"

2?2 =9
4.(5pts) Compute lim — )
-0+ sinx

Solution

If z is close to 0 but larger than 0, then the denominator sinx is a small positive number
2

and 22 — 9 is close to —9. So the quotient is a large negative number. So

sin x
2?2 =9
lim

z—0+ sinzx

= —OQ.

a) 400

d) —o0

e) Does not exist and is not +0o0 or —oo.



4. Initials:

5.(5pts) Let F(z) = f(g(x)). Compute F'(2) using the following information:
f(=1) ==3, f(2) =12, (1) = =7, 9(2) = —1,
f(-1)=2, f(2)=8,¢(-1)=-1, ¢(2) =5,

Solution. Using the chain rule, F'(z) = f'(g(z))¢'(z), so F'(2) = f'(4(2))d'(2) = f'(—1) -
5=2-5=10

(a) 2 (b) 10 (c) 52 (d) —15 (e) 40

6.(5pts) Evaluate lim (Va2 —2 — Va2 +5z).

Tr——+00
Solution

Vaz —z+ Va2 + 5z
lim (V22 —x — V22 +52) = lim (V22 — 2 — V22 + 5z

(22 — z) — (2* + bx)

= lim

z=00 \/22 — 1 + /22 + bx

—6x

= lim

Xr—r 00 / / 1+
= lim

=00 \/1__+x\/1+_
= lim

x—)oo\/l__+\/1+_

\/1—0+\/1+O

a) Does not exist



5. Initials:

7.(5pts) A page of a book is to have a total area of 150 square inches, with 1 inch margins at
the top and sides, and a 2 inch margin at the bottom. Find the dimensions in inches of the
page which will have the largest print area.

Solution. You should draw a picture for this problem. If [ is the total length of the page,
w is the total width, and A is the print area, then

lw=150,A = (I — 2)(w — 3).

We want to maximize A so we want to substitute in for one of the variables so that we can
take the derivative. Note [ = 150/w. Therefore,

1 4
A(w):(2—2)(10—3):150—%—2104—6,

w

and 450
If A'(w) = 0 then w? = 225 so w = 15. The first derivative test easily shows this gives a
maximum area. Since [ = 150/w, [ = 10.

(a) 5V3x % (b) 10x15 (€) 3VTx 3L (d) 115 x13  (e) 5x30

8.(5pts) Compute the tangent line to the ellipse given by the equation z? + 4y? = 5 at the
point (1,—1)

Solution. If we take the derivative with respect to both sides of the equation we see

d d 1
?x+8yd—i =0, or ﬁ = —%. So the slope at (1, —1) is 7 Thus the tangent line at (1, —1)

1S 1
Y+ 1= Z('x— 1)7
or

1 5
=-x—-.
Y 1
1 )
(a) y=o— 1
1 3
b) y=—-z— -
(b) y=—732—7
(c) The tangent line does not exist.
1 3
d) v=-z—2
(d) y=730—7
1 3
(e) y=;2—



6. Initials:

9.(5pts) A kite 100 ft above the ground is flying horizontally (away from its holder) with a
speed of 16ft/sec. At what rate is the angle between the string and the horizontal direction
changing, when 200 ft of the string have been let out?

Solution. The kite is at a constant height of 100ft with a length of x ft away. So using some
trigonometry, we see that if # is the angle between the string and the horizontal direction,

do d
tan = 100/z. Taking the derivative with respect to ¢ gives sec? 0% = —10017_2d—§ =
—16002 2 since the kite is flying away at 16ft/sec. When 200ft have been let out, sin @ = 1,2

do 1600
= . At this value of have 4/3— = —————

and 0 = /6. At this value of 6§ we have /3dt 5002 — 1002 "
a0 1200 1 radians
dt 30000 25 second

(a) 55 radiansecond

—— radian n
a 5 Tadian/seco

1 :
(b) % radian/second

1
(c) %0 radian/second

1
(d) ~0 radian/second

(e) % radian/second

ar+1 x <0,
2?2+1 x>0.
For what constant a is f differentiable everywhere?

10.(5pts) Let f(z) =

Solution
f is clearly differentiable for x < 0 and for z > 0. For x < 0, f'(z) = a, so lim f'(z) = a.
z—0~

For z > 0, f'(x) = 2z, so lim+ f'(x) = 0. For f to be differentiable at 0, we need
z—0

= lim f'(z) = lim f'(z)=0.
= S = i Sy =0

(2) No value of a
(b) a
(c)

(d) a

Q

=1
=0
=2



7. Initials:

(e) Any value of a




8. Initials:

, z? —4
11.(5ptS) Compute xlig{ m

Solution
When x # 2,
=4 (x-2)(x+2) x+2
22 —5x+6 (zr—2)(x—3) z-3
So
. x? —4 242
lim 5 = = —4.
z—2- 1° —Ddr+ 6 2—3
(a) —4 (b) —oo () 1 (d) 400 (e) 0

12.(5pts) For y = (sin4x)®, compute y/'.
Solution. Using the chain rule a total of three times, we get
d d
y =8 - (sindx)” - d—(sin(4x)) =8 (sindz)” - cos4x - d—4x
x

x
=32(sin4z)" cos 4.



9. Initials:

U
13.(5pts) Evaluate the integral /  sin(2?)dz.
0

Solution. Let u = 2. Then du = 2zdx and

e, I 1 .
xsin(z®)dr = 3 sin(u)du = —3 cos(u)lg =1/2+1/2=1.
0 0

(b) 2 () 1-— (d) 1 (e)

N
N |
A~ =

14.(5pts) Which of the following integrals give the area of the region below the curve y = 2x
and above the curve y = 2% — 427

Solution. You should draw a picture. We find the intersection points of the two curves by
solving

=1 —4dr 2’ —6r=0&2(r—-6)=0&2=0,6.
For small z, % — 42 < 0. In [0, 6], the curve y = ? — 4z is below y = 2x. This can be seen
by taking, say, x = 1. Therefore the area between the curves is given by

/06 <2x - 491:))0[91;.



10. Initials:

15.(5pts) The graph shown below is that of f(z) for —1 <z < 4 where
2 ift—1<x<0

flx) =< Vi—2? if0<z<2

4—-2x if2<x<A4

4
Which of the following equals / f(z)dz?
—1

Solution: From —1 to 0, the function is constant with output 2. So the area under the curve
is given by the area of a rectangle with base 1 and height 2. The area of such a rectangle is
2. From 0 to 2, we see that the function traces out the upper left portion of a circle with
radius 2 centered at (0,0) and hence, we have that the area is given by }17r22 = 7. From 2 to
4, we see that the curve traces the hypotenuse of a right triangle with base 2 and height 4.
The area of such a triangle is 3(2)(4) = 4. However, since function is under the z—axis from
2 to 4, we need to account for this by subtracting the area of the triangle. So the integral is
evaluated tobe 2+ 717 —4 =7 — 2.

(a) 2w —2 (b) 64+ (c) m—2 (d) = (e) 0



11. Initials:

16.(5pts) Find the left endpoint approximation to the definite integral

3
6
/ dx
424z

using four approximating rectangles of equal base width.

Solution: The left endpoint approximation uses the left endpoint of a subinterval:

b —a
/ fz)dr = Az (f(xo) + f(x2) + -+ f(zp-1)) where Az = b :

3—(—1
We have that f(z) = 2?_ ,a=—1,b=3,n=4, Therefore, Az = #
x

= 1.

Divide the interval into 4 subintervals of the length Ax = 1 with the following endpoints:
~1,0,1,2,3.

Now, just evaluate the function at the left endpoints of the subintervals.
F(=1)=6, f(0)=3, f(1) =2, f(2) = 3.

Finally, just sum up the above values and multiply Az we obtain that

/3 O dr~tis(6434245)=2
xTr =~ -] = —.
2+ 2 2

0 = 0 5 (€) 25 @ = (€ 2



12. Initials:

17.(5pts) Compute the derivative 3’ for the curve y/z2 + y?> = 2 4 y at the point x =4, y = 3

Solution. Taking the derivative of both sides of the equation and using the chain rule
gives 1/2(x® + y*)7V%(2x + 2yy') = y/. So evaluating at the point » = 4,y = 3, we get
1/2(4% 4+ 3%)7Y2(2- 4 4+ 2 - 3y') = ¢/ gives 1/10(8 + 6y') = ' which we can solve for to get
y = 2.

(a) —2 (b) 0 (c) 2 (d) 2/11 (e) —2/11

18.(5pts) Find the derivative of (2% + 1)**+1,

Solution: We use logarithmic differentiation. Let y = (22 + 1)***1. Then
Iny = (22 + 1) In(z? + 1).
Differentiating both sides with respect to z, we get

ldy d 2z(z* + 1)

— (2 + Dn(2*+1) =2z1n(z* + 1) + =2z[In(z* + 1) + 1].

ydo  dx (22 +1)
Multiplying both sides by y, we get
d
di =y2z[In(z* + 1) + 1] = (2* + 1)”2+12x[1n($2 +1) +1]

(a) This function is not defined and hence has no derivative.
(b) (22 +1)"*+ 22 (In(2? + 1) + 1)

(c) 2z(z®+1)"

(d) (2 + 1)+

(e) (z2+1)7*+(2xIn(2? + 1))
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2
19.(5pts) Which of the following expressions is equal to / sin(2?)dz?
0

Solution: For f(z) = sin(z?), we know that

2 n
/ sin(z?)dr = lim Zf(xz)Ax
0 n— oo —

where for the interval [0,2], z; = % and Az = 2. Thus,

’ - 42\ 2

/o sin(a)de = lip 3 sin (7) n
(a) nh_g)lozil% sin (i—f)
(b) nh—gg% sin (2—22>
(c) nlg&é% sin (i—f)

(d) —cos(4)+1

"2 2i
r 2 (2
() lim ;1 ~ sin (n>

20.(5pts) If f(z) is a continuous function with

/_1f($)dx:2, /Zf(:n) dx =1 and /;f(x) d = 2

find /51 f(x) dx. 2
Soution: /j f(z)dx = /_22 f(z)dx + /25 f(z)dx — /_1 flx)de =142-2=1.
(b) 3 (c) 2

(a) 1 (d) 0 (e) 6



14. Initials:

Vdax? 1
21.(5pts) Compute lim viryral
T——00 3r—1

Solution.
Note z = —vz? for x < 0. Multiply the top and bottom of —A;”;J_“f“ by % to get

Va2 o +1 %-m:_\ﬂl—f-(l/x)—i—(l/x?).

3r—1 1.3z —-1) 3—(1/z)
Hence the limit as ¢ — —o0 is —g = —;.
(a) —1/3 (b) 2/3 (c) 0 (d) —2/3 (e) 1/3

22.(5pts) Evaluate: /60082(””) sin(x) cos(x)dx

Let u = cos?(x)

du = —2 cos(z) sin(z)dx

= _—1; = cos(z) sin(z)dx

d
= /e“os2(x) sin(x) cos(x)dx = /e“_—g

1 1 1
= —E/e“du = —56“ +C = —560082(1) +C

(a) _6c032($)+c

1 .2
(b) —§eC°S @ cos(z) + C
(C) 6cos2(ac) +C

1

(d) _§ecosz(x)+cv

() —e @ sin(z) cos(z) 4+ C



15. Initials:

tan 2x

23.(5pts) C te li .
(5pts) Compute limy /7=

Solution
Using L’Hospital’s rule, we get
tan 2 . 2sec?2x
im — = lim —
z—0 sin 3x =0 3 cos 3z
2 )
= 3 by evaluation.
(a) 2/3 (b) 0 (c) 1/3 (d) 1 (e) 2
5 2t
24.(5pts) How many inflection points does the curve y = 5 + T have?

Solution. First we note 3y = z* + 2 and y” = 423 + 322 = 2?(4x + 3). Hence 3y’ = 0 at
x =0 and z = —3/4. However, 3y’ < 0 in (—oo0, —3/4) and y” > 0 in (—3/4,0) and (0, c0).
Hence only —3/4 is the inflection point.

(a) 4 (b) 0 (c) 3 (d) 2 (e) 1



16. Initials:

25.(5pts) Find the linearization of f(z) = /10 — 22 at a = —1.

Solution. The linearization of f(z) at a = —1is L(x) = f(a) + f'(a)(z — a). At a = —1,
f(a) =3 and f"(z) = 1/2(10 — 22)~Y/2. (=2z) so f'(a) = 1/3 and substituting back in gives
flx)=3+1/3(x+1).

3

4 4
26.(5pts) A particle is moving in a straight line with velocity v(t) = §t — —t feet per second.

Find the distance travelled by the particle on the time interval 0 <t < 2.

4
Solution: v(t) = gt(tz — 1) =0 implies t = +1 or t = 0. Hence, t = 0 and ¢t = 1 are the

only values for ¢ in [0, c0) where v(t) = 0.

Observe that v(t) < 0 for 0 <t <1 and v(t) > 0 for 1 < wv(t) < 2. Total distance traveled

is then:
2 1 2
/|v(t)]dt:/ o(t) dt+/ o(t) dt
0 0 1
1, 2.,1" 1, 2,07
B T g S L2
55, <[5 5,
B L2, 6 8 1 2] 10
1 33 3 3 3 3 3
20
(a) gfeet
2
(b) %feet
(c) 3 feet
1
(d) gofeet



